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Abstract. In this paper we consider the fractional tangent bundle on
a differentiable manifold. A fractional Leibniz structure on an algebroid is
defined.The fractional dynamical system on a fractional Leibniz algebroid is
defined and it is discussed. Some illustrative examples are presented.1
1 Introduction
The theory of derivative of noninteger order goes back to Leibniz, Liou-
ville, Riemann, Grunwald and Letnikov. Derivatives of fractional order have
found many applications in recent studies in mechanics, physics, economics,
medicine.Classes of fractional differentiable systems have studied in [10], [4].
In the first section the fractional tangent bundle to a differentiable mani-
fold is defined, using the method of Radu Miron’s from [8]. In this paper the
fractional dynamical systems on fractional Leibniz algebroids are presented.
The associated geometrical objects have an geometric character. Also, some
examples for fractional dynamical systems of this type are given.
1 Key words and phrases. Fractional derivatives, fractional tangent bundle, frac-
tional Leibniz algebroid, fractional differential equations
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2 Fractional tangent bundle on a manifold
Let f : [a, b]→ R and α ∈ R, α > 0. The Riemann - Liouville fractional
derivative at to left of a , respectively at to right of b is the function
f →a D
α
t f resp. f →t D
α
b f , where:
{
aD
α
t f(t) =
1
Γ(m−α)
( d
dt
)m
∫ t
a
(t− s)m−α−1(f(s)− f(a))ds
tD
α
b f(t) =
1
Γ(m−α)
(− d
dt
)m
∫ b
t
(t− s)m−α−1(f(s)− f(b))ds,
(1)
where m ∈ N∗ such that m−1 ≤ α ≤ m,Γ is the Euler gamma function and
( d
dt
)m = d
dt
◦ d
dt
◦ ... ◦ d
dt
.
We will denote sometimes Dαt =a D
α
t .
The following proposition holds.
Proposition 2.1 ([3]) (i) If limn→∞ αn = p ∈ N
∗, then:
lim
n→∞
(aD
αn
t f(t)) = D
p
t f(t), lim
n→∞
(tD
αn
b f(t)) = D
p
t f(t).. (2)
(ii) If f(t) = c, (∀)t ∈ [a, b], Dαt f(t) = 0.
(iii) If f1(t) = t
γ , (∀)t ∈ [a, b], then Dαt f1(t) =
Γ(1+γ)
Γ(1+γ−α)
tγ−α.
(iv) If f1, f2 are analytical functions on (a, b), then:
Dαt (f1f2)(t) =
∞∑
k=0
(
α
k
)
Dα−kt f1(t)(
d
dt
)kf2(t). (3)
(v) If f : [a, b]→ R is analytical function on (a, b), and 0 ∈ (a, b) then:
f(t) =
∞∑
h=0
Eα,h(t)D
αh
t f(t)|t=0, (4)
where Eα,h is the Mittag - Leffler ’s function:
Eα,h(t) =
∞∑
h=0
1
Γ(1 + αh)
tαh. (5)
✷
Let α ∈ R, α > 0 and M be a manifold of dimension n and U a local
chart on M . We say that the curves c1, c2 : I →M, 0 ∈ I, c1(0) = c2(0) ∈M
have fractional contact α in x0, if for all f ∈ C
∞(U), x0 ∈ U, the following
relation holds:
Dαt (f ◦ c1)|t=0 = D
α
t (f ◦ c2)|t=0. (6)
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The set of equivalences classes ([c]αx0) is called the fractional tangent space
in x0 and it is denoted by T
α
x0
(U).
Let T α(M) =
⋃
x0∈M
T αx0(U) and the projection pi
α : T α(M) → M given
by piα([c]αx0) = x0.
On T α(M) there exists a differentiable structure and we can prove that
(T α(M), piα,M) is a differentiable bundle.
In a system of local coordinates onM, if x0 ∈ U and c : I → M is a curve
given by xi = xi(t), (∀)t ∈ I, the class ([c]αx0) is given by:
xi(t) = xi(0) +
1
Γ(1 + α)
tαDαt x
i(t)|t=0, t ∈ (ε, ε). (7)
On the open set (piα)−1(U) ∈ T α(M), the local coordinates of the element
([c]αx0) are (x
i, yi(α)), where:
xi = xi(0), yi(α) =
1
Γ(1 + α)
Dαt x
i(t), i = 1, n. (8)
Proposition 2.2 ([1], [2] ) Let U, U be two local charts on M such that
U ∩ U 6= ∅ and
xi = xi(x1, x2, ..., xn), det(
∂xi
∂xj
) 6= 0, i = 1, n (9)
the coordinate transformations. The coordinate transformations on (piα)−1(U∩
U) are given by:
xi = xi(x1, x2, ..., xn), yi(α) =
α
J
i
j(x, x)y
j(α), (10)
where:
α
J
i
j(x, x) =
1
Γ(1 + α)
Dα
xj
(xi)α (11)
and Dα
xi
is defined by:
Dα
xi
f(x) = 1
Γ(1−α)
∂
∂xi
·
·
∫ xi
ai
f(x1,...,xi−1,s,xi+1,...,xn)−f(x1,...,xi−1,ai,xi+1,...,xn)
(xi−s)α
ds,
(12)
with Uab = {x ∈ U, a
i ≤ xi ≤ bi, i = 1, n} ⊆ U. ✷
Let D1(U) the module of 1 - forms defined on U ⊆M. Using the fractional
exterior derivative dα : C∞(U)→ D1(U), f → dα(f) ( see [2] ), where dα(f)
is given by:
dα(f) = d(xi)αDαxi(f) (13)
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follows: 

d(xi)α =
α
J
i
j(x, x)d(x
j)α
Dα
xi
=
α
J
j
i (x, x)D
α
xj
α
J
i
k(x, x)
α
J
k
j (x, x) = δ
i
j .
(14)
We denote by X α(U) the module of fractional vector fields generated by
the operators {Dα
xi
, i = 1, n}. A fractional vector field
α
X ∈ X α(U) has the
following form:
α
X =
α
X
i
Dαxi,
α
X
i
∈ C∞(U), i = 1, n, (15)
which for a change of local charts, the correspondent components satisfies
the relations:
α
X
i
=
α
J
i
j(x, x)
α
X
j
, i, j = 1, n. (16)
The fractional differentiable equations associated to fractional vector field
α
X is:
Dαt x
i(t) =
α
X
i
(x(t)), i = 1, n (17)
or equivalently ( using the notation (8)):
Γ(1 + α)yi(α)(t) =
α
X
i
(x(t)), i = 1, n. (18)
The fractional differential equations (17) with initial conditions have so-
lutions, see [3]. Examples of fractional differentiable equations on R can be
find in [4].
3 Fractional Leibniz dynamical systems
Let the module X α(U) of fractional vector fields generated by the op-
erators {Dα
xi
, i = 1, n} and the module Dα(U) generated by the 1− forms
{d(xi)α, i = 1, n}. Applying the Proposition 2.2 it follows:
(d(xi)α)(Dαxj ) = D
α
xj(x
i)α = Γ(1 + α)δij . (19)
If
α
X ∈ X α(U) and
α
ω ∈ Dα(U) such that
α
ω =
α
ωid(x
i)α, then
α
ω(
α
X) =
Γ(1 + α)
α
X
i
α
ωi.
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Let be a fractional 2− contravariant tensor field
α
B ∈ X α(U) × X α(U)
and dαf, dαg ∈ Dα(U) defined by (13).
The bilinear map [·, ·]α : C∞(M)× C∞(M)→ C∞(M) defined by:
[f, g]α = B(dαf, dαg), (∀)f, g ∈ C∞(M), (20)
is called the fractional Leibniz bracket.
If
α
B =
α
B
ij
Dα
xi
⊗Dα
xj
, from (20) follows:
[f, g]α =
α
B
ij
·Dαxif ·D
α
xjg. (21)
Since
Dαxi(fh)(x) =
∞∑
k=0
(
α
k
)
(Dα−k
xi
f(x))(
∂
∂xi
)kh(x), (22)
it follows
[fh, g]α =
∞∑
k=0
(
α
k
)
·
α
B
ij
(Dα−k
xi
f) · (
∂
∂xi
)kh ·Dαxjg, (23)
Similarly, one obtain
[f, gh]α =
∞∑
k=0
(
α
k
)
·
α
B
ij
(Dαxif) ·D
α−k
xj
(g) · (
∂
∂xi
)kh. (24)
The pair (M, [·, ·]α) is called fractional Leibniz manifold. If the bracket
[·, ·]α is skew-symmetric, that is [f, g]α = −[g, f ]α for all f, g ∈ C∞(M) we
say that (M, [·, ·]α) is a fractional almost Poisson manifold. If α → 1, then
one obtain the concept from [6].
For h ∈ C∞(M), the fractional vector field
α
Xh defined by
α
Xh(f) = [f, h]
α, (∀)f ∈ C∞(M), (25)
is called the fractional Leibniz vector field associated to h. The fractional
dynamical system associated to
α
Xh is called the fractional Leibniz dynamical
system.
If (xi), i = 1, n is a system of local coordinates on M , then the fractional
Leibniz dynamical system is given by
Dαt x
i(t) = [xi(t), h(t)]α, where [xi, h]α =
α
B
ij
·Dαxjh. (26)
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Example 3.1. Let the constant fractional 2− contravariant tensor
α
g =
(
α
g
ij
) defined on R3 by
α
g =

 s1γ1 0 00 s2γ2 0
0 0 s3γ3

 , (27)
where s1, s2, s3 ∈ {−1, 1} and γ1, γ2, γ3 satisfies the relation γ1+ γ2+ γ3 = 0.
For h = x1x2x3, the associated fractional Leibniz dynamical system is

Dαt x
1 = s1γ1D
α
x1
(h) = Γ(2)
Γ(2−α)
s1γ1x
2x3(x1)1−α
Dαt x
2 = s2γ2D
α
x2(h) =
Γ(2)
Γ(2−α)
s2γ2x
1x3(x2)1−α
Dαt x
3 = s3γ3D
α
x3
(h) = Γ(2)
Γ(2−α)
s3γ3x
1x2(x3)1−α.
(28)
If α→ 1, it follows the system (7) in [10].
For
α
h = (x1)α(x2)α(x3)α, the associated fractional Leibniz dynamical sys-
tem is 

Dαt x
1 = Γ(1 + α)s1γ1x
2x3
Dαt x
2 = Γ(1 + α)s2γ2x
1x3
Dαt x
3 = Γ(1 + α)s3γ3x
1x2.
(29)
✷
Let
α
P be a skew-symmetric fractional 2− contravariant tensor field and a
non-degenerate symmetric fractional 2− contravariant tensor field
α
g on the
manifold M . We define the bracket [·, ·]α : C∞(M)× C∞(M)→ C∞(M) by
[f, h]α =
α
P (dαf, dαh) +
α
g(dαf, dαh), (∀)f, h ∈ C∞(M). (30)
The 4− tuple (M,
α
P,
α
g, [·, ·]α) is called fractional almost metric manifold.
The fractional dynamical system associated to h ∈ C∞(M) is
Dαt x
i(t) = [xi(t), h(t)]α, where [xi, h]α =
α
P
ij
Dαxjh+
α
g
ij
Dαxjh. (31)
Example 3.2. Let be the fractional 2 - contravariant tensors fields
α
P =
(
α
P
ij
),
α
g = (
α
g
ij
) on R3 and the function h ∈ C∞(R3) given by :
α
P =

 0 x3 −x2−x3 0 x1
x2 −x1 0

 ,
6
α
g =

 −a2(x2)2 − a3(x3)2 a1a2x1x2 a1a3x1x3a1a2x1x2 −a1(x1)2 − a3(x3)2 a2a3x2x3
a1a3x
1x3 a2a3x
2x3 −a1(x
1)2 − a2(x
2)2

 ,
h = (a1 + 1)(x
1)α + (a2 + 1)(x
2)α + (a3 + 1)(x
3)α.
Since Dα
x1
h = (a1 + 1)Γ(1 + α), D
α
x2
h = (a2 + 1)Γ(1 + α),
Dα
x3
h = (a3 +1)Γ(1+ α), the fractional Leibniz dynamical system (31) asso-
ciated to h is
 Dαt x1Dαt x2
Dαt x
3

 = Γ(1 + α) αP

 a1 + 1a2 + 1
a3 + 1

+ Γ(1 + α)αg

 a1 + 1a2 + 1
a3 + 1

 =
= Γ(1 + α)(
α
P +
α
g)

 a1 + 1a2 + 1
a3 + 1

 .✷
Let be two fractional 2 - contravariant tensors fields
α
P and
α
g onM. Define
the bracket [·, (·, ·)] : C∞(M)× C∞(M)× C∞(M)→ C∞(M) by:
[f, h]α =
α
P (dαf, dαh1) +
α
g(dαf, dαh2), (∀)f, h1, h2 ∈ C
∞(M). (32)
The fractional vector field
α
Xh1h2 defined by
α
Xh1h2 = [f, (h1, h2)], (∀)f ∈ C
∞(M). (33)
is called the fractional almost Leibniz vector field associate to the functions
h1, h2 ∈ C
∞(M). The dynamical system associated to
α
Xh1h2 is called the
fractional almost Leibniz dynamical system.
Locally, the fractional almost Leibniz dynamical system is given by:
Dαt x
i(t) =
α
P
ij
Dαxjh1 +
α
g
ij
Dαxjh2. (34)
Example 2.3. Let be the fractional 2 - contravariant tensors fields
α
P =
(
α
P
ij
),
α
g = (
α
g
ij
) on R3 and the functions h1, h2 ∈ C
∞(R3) given by :
α
P =

 0 1 0−1 0 x1
0 −x1 0

 ,
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α
g =

 0 0 00 −(x3)2 0
0 0 −(x2)2

 ,
α
h1 = (x
2)1+α + (x3)1+α,
α
h2 = (x
1)1+α + (x3)α.
Since
Dα
x1
α
h1 = 0, D
α
x2
α
h1 = Γ(1 + α)x
2, Dα
x3
α
h1 = Γ(1 + α)x
3;
Dα
x1
α
h2 = Γ(1 + α)x
1, Dα
x2
α
h2 = 0, D
α
x3
α
h2 = Γ(1 + α),
the system (34) becomes:
 Dαt x1Dαt x2
Dαt x
3

 =

 0 1 0−1 0 x1
0 −x1 0



 0Γ(1 + α)x2
Γ(1 + α)x3

+
+

 0 0 00 −(x3)2 0
0 0 −(x2)2



 Γ(1 + α)x10
Γ(1 + α)


or equivalently

Dαt x
1 = Γ(1 + α)x2
Dαt x
2 = Γ(1 + α)x1x3
Dαt x
3 = −Γ(1 + α)x1x2 − Γ(1 + α)(x2)2.
(35)
The system (35) is called the fractional Maxwell- Bloch equations.
If in (35) we take α→ 1, then one obtain the Maxwell-Bloch equations.
4 Fractional Leibniz algebroids
Let M be a smooth manifold of dimension n , let pi : E → M be a vector
bundle and pi∗ : E∗ → M the dual vector bundle. By Sec(M,E) or Sec(pi)
we denote the sections of pi.
A fractional Leibniz algebroid structure on a vector bundle pi : E → M
is given by a bracket ( bilinear operation ) [·, ·]α on the space of sections
Sec(pi) and two vector bundle morphisms
α
ρ1,
α
ρ2 : E → T
αM ( called the left
8
and the right fractional anchor , respectively ) such that{
[ea, eb]
α = Ccabec
[fσ1, gσ2]
α = f
α
ρ1(σ1)(g)σ2 − g
α
ρ2(σ2)(f)σ1 + fg[σ1, σ2]
α
(36)
for all σ1, σ2 ∈ Sec(pi) and f, g ∈ C
∞(M).
A vector bundle pi : E →M endowed with a fractional Leibniz algebroid
structure ([·, ·]α,
α
ρ1,
α
ρ2) on E , is called fractional Leibniz algebroid over M
and denoted by (E, [·, ·]α,
α
ρ1,
α
ρ2).
A fractional Leibniz algebroid with an antisymmetric bracket [·, ·]α ( in
this case we have
α
ρ1 = −
α
ρ2 ) is called fractional pre - Lie algebroid.
In a system of local coordinates the relation (36) reads:
[σa1ea, σ
b
2eb]
α = σa1
α
ρ1(ea)(σ
b
2)eb − σ
a
2
α
ρ2(ea)(σ
b
1)eb + σ
a
1σ
b
2C
c
abec. (37)
If
α
ρ1(ea) =
α
ρ
i
1aD
α
xi
,
α
ρ2(eb) =
α
ρ
i
2bD
α
xi
, from (37) follows:
[σa1ea, σ
b
2eb]
α = σa1
α
ρ
i
1a(D
α
xiσ
b
2)eb − σ
a
2
α
ρ
i
2a(D
α
xiσ
b
1)eb + σ
a
1σ
b
2C
c
abec. (38)
In the following, we establish a correspondence between the fractional
Leibniz algebroid structures on the vector bundle pi : E → M and the frac-
tional 2- contravariant tensor fields on bundle manifold E∗ of the dual vector
bundle pi∗ : E∗ →M .
For a given section σ ∈ Sec(pi), we define the function iE∗σ on E
∗ by the
relation :
iE∗σ(a) =< σ(pi
∗(a)), a >, for a ∈ E∗, (39)
where < ·, · > is the canonical pairing between E and E∗. If σ = σaea and
a ∈ E∗ has the coordinates (xi, ξa), then:
iE∗σ(a) = σ
aξa. (40)
Let
α
Λ be a fractional 2 - contravariant tensor field on E∗ and the bracket
[·, ·]α
Λ
of functions defined by:
[f, g]α
Λ
β =
α
Λ
β
(dαβf, dαβg), (∀) f, g ∈ C∞(E∗), (41)
where
dαβf = d(xi)αDαxif + d(ξa)
βD
β
ξa
f = dα(f) + dβ(f). (42)
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In the basis {Dα
xi
, D
β
ξa
}, i = 1, n, a = 1, m of the module X αβ(pi∗−1(U)),
the components Λαβ are given by:
Λαβ = AabD
β
ξa
⊗Dβξb + A
i
1aD
β
ξa
⊗Dαxi + A
i
2aD
α
xi ⊗D
β
ξa
. (43)
For a given fractional 2 - contravariant tensor field
α
Λ
β
on E∗, we say
that
α
Λ
β
is linear, if for each pair (µ1, µ2) of sections of pi
∗ , the function
α
Λ
β
(d(iE∗µ1)
β, d(iE∗µ2)
β) defined on E∗ is linear with respect the coordinates
ξa.
If µ1 = µ
a
1(x)ea, µ2 = µ
a
2(x)ea, then dE∗µ1 = µ
a
1(x)ξa, dE∗µ2 = µ
a
2(x)ξa
and
α
Λ
β
(d(iE∗µ1)
β, d(iE∗µ2)
β) = Aab(x, ξ)(µ
c
1(x))
α(µa2(x))
α)Dβξa(ξc)D
β
ξb
(ξa)
β =
1
Γ(1+α)2
(µa1(x))
β(µb2(x))
βAab(x, ξ).
It follows that
α
Λ
β
is linear if and only if Aab(x, ξ) = C
c
ab(x)ξc.
The fractional formulation of the Grabowski and Urbanski’s Theorem
from [6], is the following.
Theorem 4.1. For every fractional Leibniz algebroid structure on pi :
E →M with the bracket [·, ·]α and the fractional anchors
α
ρ1,
α
ρ2 , there exists
an unique fractional 2 - contravariant tensor field
α
Λ on E∗ such that the
following relations hold:

iE∗ [σ1, σ2] = [(iE∗σ1)
β, (iE∗σ2)
β]α
Λ
β
pi∗(
α
ρ1(σ)(f)) = [(iE∗σ)
β , pi∗f ]α
Λ
β
pi∗(
α
ρ2(σ)(f)) = [pi
∗f, (iE∗σ)
β]α
Λ
β ,
(44)
for all σ, σ1, σ2 ∈ Sec(pi) and f ∈ C
∞(M).
Conversely, every fractional 2 - contravariant linear tensor field
α
Λ
β
on
E∗ defines a fractional Leibniz algebroid on E if the relations ( 44 ) hold. ✷
Let (xi), i = 1, n be a local coordinate system on U ⊆ M and let
{e1, . . . , em} be a basis of local sections of E|U ( dim M = n, dim E = n+m
). We denote by {e1, . . . , em} the dual basis of local sections of E∗|U and
(xi, ya) ( resp., (xi, ξa) ) the corresponding coordinate system on E ( resp.,
E∗ ).
Let
α
Λ
β
given by (43). Using (44), it is easy to see that every linear
fractional 2 - contravariant tensor field
α
Λ
β
on E∗ has the form:
α
Λ
β
= CdabξdD
β
ξa
⊗Dβξb +
α
ρ
i
1aD
β
ξa
⊗Dαxi −
α
ρ
i
2aD
α
xi ⊗D
β
ξa
, (45)
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where Cdab,
α
ρ
i
1a,
α
ρ
i
2a ∈ C
∞(M) are functions of xi.
The correspondence between
α
Λ
β
and a fractional Leibniz algebroid struc-
ture is given by the following relations :
[ea, eb]
α = Cdabed ,
α
ρ1(ea) =
α
ρ
i
1aD
α
xi ,
α
ρ2(ea) =
α
ρ
i
2aD
α
xi. (46)
We call a fractional dynamical system on the fractional Leibniz algebroid
pi : E → M , the fractional dynamical system associated to vector field
α
X
β
h
with h ∈ C∞(E∗) given by:
α
X
β
h(f) =
α
Λ
β
(dαβf, dαβh), for all f ∈ C∞(E∗). (47)
In a system of local coordinates (xi, ξa) on E
∗, the dynamical system (47)
is given by : 

Dαt ξa = [ξa, h]α
Λ
β
Dαt x
i = [xi, h]α
Λ
β
. (48)
where 

[ξa, h]α
Λ
β = CdabξdD
β
ξb
h+
α
ρ
i
1aD
α
xi
h
[xi, h]α
Λ
β = −
α
ρ
i
2aD
β
ξa
h
. (49)
If α→ 1, β → 1, dynamical system (48) was studied in [6].
If α→ 1 dynamical system (48) has the form:

x˙i = −
α
ρ
i
2aD
β
ξa
h
D
β
t ξa = C
d
abξdD
β
ξb
h+
α
ρ
i
1a
∂h
∂xi
. (50)
If β → 1 dynamical system (48) has the form:

Dαt x
i = −
α
ρ
i
2a
∂h
∂ξa
ξ˙a = C
d
abξd
∂h
∂ξb
+
α
ρ
i
1aD
α
xi
h
. (51)
If the fractional Leibniz algebroid is a fractional pre - Lie algebroid ( that
is, Cdab = −C
d
ba ), then the fractional dynamical system (48) is given by :

D
β
t ξa = C
d
abξdD
β
ξa
h +
α
ρ
i
1aD
α
xi
h
Dαt x
i = −
α
ρ
i
1aD
β
ξa
h
. (52)
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If the fractional Leibniz algebroid is a fractional symmetric algebroid (
that is,Cdab = C
d
ba) , then the fractional dynamical system (48) is given by:

D
β
t ξa = C
d
abξdD
β
ξa
h +
α
ρ
i
1aD
α
xi
h
Dαt x
i =
α
ρ
i
1aD
β
ξa
h
. (53)
Example 4.1. Let the vector bundle pi : E = R3 × R3 → R3 and
pi∗ : E∗ = R3 × (R3)∗ → R3 the dual vector bundle. We consider on E∗ the
fractional 2 - contravariant linear tensor field
α
Λ defined by the matrix P β,
the fractional anchors
α
ρ1,
α
ρ2 and the function h given by:
P β =

 0 −ξ3x3 ξ2x2ξ3x3 0 −ξ1x1
−ξ2x
2 ξ1x
1 0

 , αρ1 =

 0 −x3 x2x3 0 0
−x2 0 0

 ,
α
ρ2 =

 0 −1 01 0 −x1
0 x1 0

 and h(x, ξ) = (x2)α(ξ2)β+(x3)α(ξ3)β, α > 0, β >
0.
Using the calculus formulas:
D
β
ξa
(ξb)
γ = δab ξ
γ−β
a
Γ(1+γ)
Γ(1+γ−β)
, Dα
xi
(xj)γ = δji (x
i)γ−α Γ(1+γ)
Γ(1+γ−α)
follows:{
D
β
ξ1
h = 0, Dβξ2h = Γ(1 + β)(x
2)α, Dβξ3h = Γ(1 + β)(x
3)α
Dαx1h = 0, D
α
x2h = Γ(1 + α)(ξ2)
β , Dαx3h = Γ(1 + α)(x
3)β.
The fractional dynamical system ( 48 ) for the given elements, has the
following matrix form:

 D
β
t ξ1
D
β
t ξ2
D
β
t ξ3

 = Γ(1 + β)

 0 −ξ3x3 ξ2x2ξ3x3 0 −ξ1x1
−ξ2x
2 ξ1x
1 0



 0(x2)α
(x3)α

+
+ Γ(1 + α)

 0 −x3 x2x3 0 0
−x2 0 0



 0(ξ2)β
(ξ3)
β

 ,

 Dαt x1Dαt x2
Dαt x
3

 = −Γ(1 + β)

 0 −1 01 0 −x1
0 x1 0



 0(x2)α
(x3)α

 .
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From the above matrix equations follows the fractional dynamical system:

D
β
t ξ1 = Γ(1 + β)(−ξ3(x
2)αx3 + ξ2x
2(x3)α)+
+Γ(1 + α)(−x3(ξ2)
β + x2(ξ3)
β)
D
β
t ξ2 = −Γ(1 + β)ξ1(x
3)α
D
β
t ξ3 = −Γ(1 + β)ξ1(x
2)α
D
β
t ξ3 = Γ(1 + β)ξ1(x
2)α
Dαt x
1 = −Γ(1 + β)(x2)α
Dαt x
2 = −Γ(1 + β)x1(x3)α
Dαt x
3 = Γ(1 + β)x1(x3)α
. (54)
The fractional dynamical system (54) is the (α, β)− fractional dynamical
system associated to fractional Maxwell-Bloch equations. ✷
Conclusion. The numerical integration of the fractional systems pre-
sented in this paper will be discussed in future papers.
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